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^ ! Introduction 

o : 

O ■ Let (U, p) be a complete metric space and let (cl^W, dist) be the metric space 

2 ' of non-empty closed bounded sets A C U with the Hausdorff metric 

m ■ 

dist(^4, B) = d\stp(A, B) = max {sup p(x, B), sup p(x, A)j, A, B G chU , 

^— > ■ 

where p(x, F) = mf ye p p(x, y) is a distance from a point x G U to a non-empty 
set F C U. The metric space (cl&£V, dist) is also complete. Let c\U be the 
collection of non-empty closed sets A C U. The closure of a set A C U will be 
denoted by A. 

In this paper we prove the existence of equi-Weyl almost periodic (a. p.) 
selections of equi-Weyl a. p. multivalued maps R 3 t — > F(t) G clU. These 
results are used in the study of a.p. solutions of differential inclusions [HI2]- 

It is known that the Bohr a.p. multivalued maps R 3 t — > F(t) G cl&W need 
not have Bohr a.p. selections. In particular, in a finite-dimensional Euclidean 
space it is not always possible to supplement a Bohr a.p. orthogonal frame 
to form a Bohr a.p. orthogonal basis [3J. It is also not hard to construct an 
example of continuous function H 3 t ^ F(t) G R 2 \{0} which is not Bohr a.p. 
such that H3 t ^ {f(t), ~f(t)} £ cl^R 2 is a two-valued Bohr a.p. map j3j. 

In 0, in the case of a separable Banach space 7i it has been proved that for 
any Stepanov a.p. (of degree 1) multivalued map F G 5i(R, cl^Ti) there exists 
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a countable set of Stepanov a.p. (of degree 1) selections fj G 5i(R, H), j G N, 
such that Mod fj C ModF and F(t) = |J . fj{t) for almost every (a.e.) t G R. 
The Stepanov a.p. selections of multivalued maps R9t-> F{t) G c\U have 
been studied in [4j, [6J |TTj . In [TTj . in particular, for a compact metric space 
U it has been proved that a multivalued map R 3 t — > F(t) G cl^W belongs 
to the space Si(R, cl^U) if and only if there exists a countable set of selections 
fj G S\(H,U), j G N, for which F{t) = (J. fj(t) almost everywhere (a.e) and 
{fj(.) '■ j G N} is a precompact set in Loo(R,W) (furthermore, the selections 
fj G Si(H,U) of the multivalued map F(.) G Si(R, cl&Z/) can be chosen such 
that Mod/j C ModF). 

In the proofs suggested in this paper we use the modifications for equi-Weyl 
case of some results from |3j and jS] . 

In Section 1 we give definitions and formulate our main results. Some as- 
sertions, which will be used throughout what follows, about a.p. functions are 
contained in Section 2. The simple and well known assertions (see e.g. (I2j) are 
given without proofs. In the subsequent Sections we prove the Theorems from 
Section 1. 

1 Definitions and main results 

Let meas be Lebesgue measure on R and let B r {x) = {y G U : p(x,y) < r}, 
x G U, r > 0. A function / : R — > U is said to be elementary if there exist 
points Xj G U and disjoint measurable (in the Lebesgue sense) sets 7) C R, 
j G N, such that measR\ (J . Tj = and f(t) = Xj for all t G Tj . We denote 
this function by /(.) = Y^j x jXT j {-) (where Xr(-) is the characteristic function 
of a set T C R). For arbitrary functions fj : R — > U, j G N, we define the 
function ^ . fj(-)xT 3 {-) '■ R —> U coinciding with fj(.) on the set Tj for j G N 
(in the case of the metric space 14 the notations used are formally incorrect, but 
no linear operations will be carried out on the functions under consideration). 
A function / : R — > IA is measurable if for any e > there exists an elementary 
function f e : R — > U such that 

ess sup p(f(t),f e (t)) < e. 

The class of measurable functions / : R — > W will be denoted by M(R,U) 
(functions coinciding for a.e. i G R will be identified). Let a point xo G U be 
fixed. We use the notation 

M-i 

M P (R,U) = {/ G M(R,W) : sup / /9 p (/(t), z ) ^ < +00} , p > 1 , 
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and for all / > we define the metrics on M p (H,U): 

t +l i/p 
D$(f,g) = (sup j J p p (f(t),g(t))dt) , f,g G M P (R,W) 



If h > I, then 

/ j \ 1 /p / / \ 1 /p 

(^) D^(f, 9 )<D^(f,g)<[l + ij D^(f,g), 

therefore, the metrics d[ p ] , / > 0, are equivalent and there exists the limit 
D { p pW (f,g) = lim D%>(f,g) = inf M P (R,W) . 

For a Banach space W = (7Y, || . || ) (p(x,y) = || a; — y || , x,y <E?i) we denote by 

f+i • Hp 



\f\\ P J=^p] J\\f(t)\\ P d^j , Z>0, 



and by 



p= lim ll/lkz 



the norms and the seminorm on the linear space M p (R, 7Y) 3 /, > 1. In what 
follows, it is convenient to assume the Banach space (7Y, ||.||) to be complex. If 
the Banach space TL is real, then we can consider the complexification 7i + iTi 
identifying the space 7i with the real subspace (the norm ||.||^ + ^ on the real 
subspace coincides with the norm ||.||). 

A set T C R is called relatively dense if there exists a number a > such 
that [£,£ + a] DT ^ for all (GR. A continuous function / G C(H,U) belongs 
to the space CAP (H,U) of Bohr a. p. functions if for any e > there exists a 
relatively dense set T C R such that the inequality 

sup p(f(t),f(t + r)) < e 

t&R 

holds for all r G T. A number r G R is called an (e, D p p ])- almost period of 

function / G M„(R,W), e > 0, if D$(f(.)J(. + r)) < e. A function / G 
M p (H,U), p > 1, belongs to the space S P (H,U) of Stepanov a. p. functions o/ 
degree p if for any e > the set of (e, Z)^) -almost periods of / is relatively 
dense. A function / G M P (H,U), p > 1, belongs to the space Wp(R,£V) of 
e</m- H^eyZ a. p. functions of degree p if for any e > there exists a number 
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/ = /(e, /) > such that the set of (e, D p p \)- almost periods of / is relatively 
dense. We have the inclusions CAP (R,W) C S P (R,U) C Wp(R,W). 

The a. p. functions / G Wp(R, IX) are called equi-Weyl to distinguish them 
from Weyl a. p. functions (a function / G M p (R,U) is said to be Weyl a.p. 
function if for any e > there is a relatively dense set T C R such that 
D { P p),W {f{.)J{. + r)) < e for all r G T). In [E], the functions / G Wp(R,W) 
are called Weyl almost periodic. 

A sequence tj G R, j G N, is said to be f -returning for a function / G 
Wp(R, £V) if for any e > there exist numbers / = l(e, f) > and jo £ N such 
that all numbers tj : j > jo are (e, Dp P ])-almost periods of function /. 

If / G S P (H,U) C Wp(R,W), then a sequence Tj G R, j G N, is /-returning 
if and only if D { p p \{f {.) J {■ + Tj)) -»• as j -> +oo. If / G CAP(R,W) C 
Wp(R,W), then a sequence Tj G R, j G N, is /-returning if and only if 

SUpp(/(t),/(t + T i ))^0 

as j — >• +oo. 

For a function / G W P (H,U) we denote by Mod / the set of numbers A G R 
for which e j — > 1 (z 2 = — 1) as j — > +oo for all /-returning sequences Tj . The 

set Mod/ is a module (additive group) in R. If D P P ^ W (f(.), /o(-)) f° r ai l 
constant functions fo(t) = /o G t G R, then Mod / is a countable module 
(Mod / = {0} otherwise). 

On the space U we also consider the metric p'(x,y) = min {1, p(x, y)}, 
x,y G IA. The metric space (U,p') is complete as well as (U,p). For all 
f,gE M(R,U) = Mi(R, (W, p')) we use tne notations 

D^ ) (/^) = ^; ) (/^) = supy / p'(f(t),g(t))dt 7 l>0, 

D^ w (f,g) = lim A (p) (/,^). 

Let 5(R,W) = Si(R,(W,p')), VF(R,W) = Wi(R, (W, p'))- We have 5(R,W) C 
W{R,U) 7 W P {R,U) C W(R,W), p > 1. A sequence t 3 G R, j G N, is /- 
returning for a function / G Wp(R,£V) if and only if it is /-returning for a func- 
tion / considered as the element of the space W(R,U) (the set of /-returning 
sequences is determined only by the a.p. function itself and does not depend 
on the spaces under consideration of a.p. functions that include the function 

/)• 

We shall denote by W(R) the collection of measurable (in the Lebesgue 
sense) sets TcR such that xt € Wi(R, R). For a set T G W(R) let ModT = 
Mod xt • 
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For an arbitrary module (additive group ) A C R let M^ W \A) be the set 
of sequences {Tj}j e ^ of disjoint sets Tj G ty(R) such that Mod 7) c A, 
meas R\ \Jj Tj = and ||xR\u J<A r^(-)lli ^ as ^ +oo. We shall assume 
that the set VJl^ w \A) includes the corresponding finite sequences {Tj}j=i r ..,./v 
as well, which can always be supplemented by empty sets to form denumerable 
sequences. The sets Tj of sequences {Tj} G 9QT ( w > (A) will also be enumerated 
by means of several indices. 

If Aj C R are arbitrary modules, then by ^ • Aj (or by Ai + • • • + A n for 
finitely many modules Aj , j = 1, . . . , n) we denote the sum of modules, that is, 
the smallest module (additive group) in R containing all the sets Aj . 

Theorem 1.1. Suppose that {Tj} G 9Jt (w) (R) and f 3 G W(K,U) for j G N. 

Then 

j 

and 

Mod Y,fj(-)x Tj (.) C ^Mod/j + ^ModTj. (1) 
j j j 

Remark 1. Under the assumptions of Theorem 11.11 for indices j G N such 
that ||xtJ|i = (in this case ModTj = {0}) we can choose arbitrary functions 
fj G M(R,U) and delete these indices in the summation on the right-hand side 
of inclusion (1). 

The following Theorem is analogous to the Theorem on uniform approxima- 
tion of Stepanov a. p. functions jH, El QUI and plays a key role in this paper. 

Theorem 1.2. Let f G W(H,U). Then for any e > there exist a sequence 
{Tj} G 371 ^ (Mod/) and points x 3 eU, j G N, such that p(f(t),Xj) < e for 
allt G Tj , j G N. 

Theorem 11.21 is proved in Section 3. 

Let distp' be the Hausdorff metric on clU = cl& (U,p f ) corresponding to the 
metric p' . The metric space (clW, dist p /) is complete. Since dist'(A, B) = 
min{l,dist(A,B)} = dist p /(A,5) for all A, B G c\ b U, it follows that the 
embedding (cl&W, dist') C (clU, dist^,/) is isometric. We define the spaces 
W(R, clbU) and Wp(R, cl&£Y), p > 1, of equi-Weyl a. p. multivalued maps 
R 3 t — ► F(t) G cUW as the spaces of equi-Weyl a. p. functions taking values 
in the metric space (cl& U, dist) . Let W(R,clW) = Wi(R, (clW,dist p /)). The 
following inclusions Wp(R,cl 6 W) C Wi(R,cl 6 W) C W{R,cl b U) C W(R,clW) 
hold. 

Let us denote by A/" the set of non-decreasing functions [0, +oo) 3 t — > r/(t) G 
R such that 7/(0) = and ??(£) > for all t > 0. 
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Theorem 1.3. Let (U,p) be a complete metric space, let F G VK(R, clU) 
and let g G W(R, U). Then for any function 77 G M there exists a func- 
tion f G W{R,U) such that Mod/ C ModF + Modg, f(t) G F{t) a.e. 
and p(f(t),g(t)) < p(g(t), F(t)) + r]{p{g{t) : F(t))) a.e. Moreover, if F G 
W p {R,cl b U) C W{R,c\U), p>l, then f G W P {R,U). 

Theorem 11.31 is the main result of the paper on equi-Weyl a. p. selections of 
multivalued maps and is proved in Section 5. 



2 Some properties of equi-Weyl a.p. functions 

For functions /, g G M p (R,U), p > 1, we set 

Jpif' 9) = lim lim sup sup (\ sup / p p (f(t),g(t))dt] ; 

5^+0 l ^+oo ^ eR y I Tc[£,t+l]:measT<Sl J J 

J. p (f, g) < lim sup p) = 4^(/, 5) . 

We use the notation 

M«(R,W) = {/ G M P (R,W) : J p (/(.),xo(.)) = 0} , 

where xo(t) = xq , t G R. The set AfKR, does not depend on the choice of 
the point x$ G U. 

The following simple Lemmas are used in the proof of Theorem 12.11 

Lemma 2.1. A function f G M(R, U) belongs to the space W(R,U) of equi- 
Weyl a.p. functions if and only if for any e, 5 > there exists a number I > 
such that the inequality 

sup meas {t G + /] : f{t + r)) > 5} < el . 

froZds /or relatively dense set of numbers r G R. Furthermore, the sequence 
Tj G R, j G N, is f -returning for a function f G W(R,U) if and only if for 
any e, 5 > i/iere ernsi numbers I > and jo G N suc/i that for all j G N : j > jo 

sup meas {t G [f , f + /] : /(* + Tj )) > 5} < el . 



For a function / G M(R, £V) and a number R > we define the function 

f(t) if p(f(t),x )<R, 

Xq if p(f(t),X ) > R. 



R 3 t -> /i?(x ; t) = 
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Lemma 2.2. Let f G W p (R,U),p> I, x eU. Then Df hW (f(.)J R (x ; .)) 
as R — > +00. 

Theorem 2.1. For all p > 1 



Proof. Let / G Wp(R, W). By Lemma E21 (in view of boundedness of functions 

/r(zo; .))> 

Jp{f(-)> x o(-)) < «W/(0> /r(»o; •)) + J p Ur{xq; ■)> x )) = 
= J p (f(.), f R ( XQ ; .)) < D^ w (f(.), f R ( Xo] .)) - 

as R ^ +00. Hence Wp(R,W) C M|(R,W), and therefore, jy p (R,W) C 
W(R,W)nMj(R,W). To prove the reverse inclusion it is necessary to use 
Lemma EIH □ 

Let (H, ||.||) be a complex Banach space. For any function / G W p (H,H) 
and any A G R there exists a limit 



(the integral is defined in the sense of Bochner). We denote by A{/} the set of 
Fourier exponents of a function / G W P {R, H) : A{/} = {A G R : M {e~ iXt f} ^ 
0}. Let Mod (A{/}) be the module of the Fourier exponents of a function / (that 
is, the smallest additive group in R containing the set A{/}). 

Lemma 2.3. Let f G W P (R,,U). Then for any sequence Tj G R, j G N, the 
following three conditions are equivalent: 
(1) {Tj} is f -returning sequence; 



(2) D p h (/(.), /(. + r 3 )) ^Oasj^ +00, 

(3) e lXT > -> 1 as j -> +00 /or a// A G Mod/. 
J/W = (H, \\.\\), then Mod/ = Mod (A{/». 

Suppose that / G W(R,U) and /j G W(R,Wj), j G N, where the U 3 are 



(complete) metric spaces. Then Mod / C ^ • Mod /j if and only if every se- 
quence Tk G R, k G N, that is //-returning for all j G N is /-returning. In 
particular, for the case when fj G W(R, Wj), j = 1, 2, we have Mod f\ C Mod fi 
if and only if every / 2 -returning sequence {r^} is /i-returning. 

Lemma 2.4. Suppose that f G M P (R,W), /j G W P (R,U), j G N, and 



Dp (fJj) -^0 as j ^ +00. Taen / G Wp(R,W) and Mod/ C E, Mod /j • 



W P (R, U) = W(R, W) f| M»(R, W) . 



<7 



lim — 




—a 
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Corollary 2.1. Suppose that f G M(R,U), fj G W(R,U), j G N, and 
D^ w (fjj) -» as j -> +00. Taen / G W(R,W) and Mod/ C EjMod/j . 

Theorem 2.2 (see e.g. [12j). Let (7i, ||.||) 6e a complex Banach space and let 
f G W P (R,TC), p > 1. Taen /or any e > £aere is a trigonometric polynomial 

N(e) 

f t {t) = Y,cfe lX ?\ ten, 

3=1 

where Cj G 7Y, G R (ana 7 £ae sum contains only a finite number of terms), 
such that ||/ — f e \\ p < e and A{/ e } C A{/}. 

The following Theorem is a consequence of Theorem 12. 2L 

Theorem 2.3. Let f G W(R,TC). Then for any e > there is a trigonometric 
polynomial f e G CAP (R, H) such that D^> w (fJ e ) < e and Mod/ e C Mod/. 

Corollary 2.2. Let /1 , / 2 G W{R, H), then /1 + / 2 G W{R, H) and Mod (/1 + 
f 2 ) C Mod/i + Mod/ 2 . If f E W{R,H), g E W{R,C), then also gf E 
W{R, H) and Mod gf C Mod / + Mod g. 

For a set T G W(R) we have R\T E W(R) and ModR\T = ModT. 

Lemma 2.5. Let T U T 2 E W(R). Then T X {JT 2 E W{R), Tif]T 2 E W(R), 
Ti\T 2 G W(R) ana 7 moa'n'es ModTi (J T 2 , ModTi p|T 2 , ModTi\T 2 are sw&se£s 
f subgroups ) of Mod Ti + Mod T 2 . 

Corollary 2.3. Let A be a module m R and let {T^ s) } jeN G £Dt^(A), s = 1, 2, 
iaen afoo {T^ f| if ^ fc£N G att^(A). 

Proof of Theorem By the Frechet Theorem (on isometric embedding of 
a metric space into some Banach space) [T3] . we can suppose that W = ||.||). 
From Corollary E21 it follows that for all N G N 

N 

Y,fj(-)x Tj (.)eW(R,H) 

3=1 

and 

N N N 

Mod £ /,(.)XT, (•) C £ Mod /, + J2 Mod • 

i=i j=i i=i 

On the other hand, we have 

+00 N 

D^^f^XT^^fj^XT^^O 

3=1 3=1 

as N — > +00. To complete the proof it remains to apply Corollary 12.11 □ 
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3 Proof of Theorem HH 

For h G (H, ||.||) we set 

sgn/i = 



W if/ ^ ' 
if /i = . 



Lemma 3.1. Let f G W(R, H). Suppose that for any e > £/iere are numbers 
5 > and / > swca that 

sup meas{£ G [£,£ + /] : < 5} < el . (2) 

Then sgn/(.) G Wi(R, 7Y) and Modsgn/(.) C Mod/(.) (furthermore, for the 
set T = {t G R : /(£) = 0} we toe ||xr(-)lli = 0/ 

Proof. For all j G N define the functions 



H3h^ Fj(h) = 



jh if\\h\\<j, 

||/i|| ii ii j 



These functions are uniformly continuous and bounded, therefore J r j(f(.)) G 
Wi(R, H) and Mod Tj{f{.)) C Mod/(.). From the condition (2) it follows that 
||xr(-)lli = an d ll s S n /(-) ~~ ^j(f(-))\\i ~^ as 3 ~^ +oo. Hence (in view 
of Lemma E3D sgn/(.) G Wi{R,H) and Modsgn/(.) C £\ Mod JFj (/(.)) c 
Mod/(.). ' □ 

Lemma 3.2. Lei / G W(R, W). Taen /or an?/ e,<5 > iaere exist a number 
I > and finitely many points Xj € U, j = 1, . . . , N , such that 

N 

sup meas {t G [£,£ + /] : p{f{t), I J > < e/ . 

Proof. Lemma 12.11 implies that for any e, (5 > there exist a number / > and 
a relatively dense set T C R such that the inequality 

sup meas {t G + : p(f(t), f{t + r))>-}< € -l 
£eR z z 

holds for all r G T. We choose a number a > | such that for any (eR there 
is a number r(£) G T for which [£ + r(£),£ + / + t(£)] C [—a, a]. Since the 
function / is measurable, we have 

n 5 e 

meas {t G [-a, a] : (J Xj) > - } < - I 



for some finite set of points Xj G U, j = 1, . . . , N, and hence 



j 

N 



sup meas {t G £ , f + I] : /t?(/(t), M ^) > <5} < 
< sup ( meas {t /(t + r(0)) > ^ } + 



+ meas {t G [f, £ + /] : + r(f)), |J > - } J < 

i=i ' 

< | / + meas {t G [-a, a] : p(f(t), [j x 3 ) > - } < | / + | / = e/ 



□ 



Corollary 3.1. Lei / G W(R, W). Taen for any 5 > iaere are points xj G 
j GN, swca £aa£ 
(%) for all a> 

lim meas {£ G [—a, a] : p(f(t), I J Xj) > 5} = , 

3<N 

(2) for any e > there exist numbers I > and N G N swc/i £/m£ 
sup meas {t G [£,£ + /] : p(f(t), Xj) > <5} < el . 

Let be the collection of sets F C W(R,R) such that for any e > 

there exist numbers I = l(e, F) > and To = To(e, F) > for which 

sup sup D\ p \f(.)J(. + r))<e 
fe¥ re[0,T O ] 

(p(x,y) = \x- y\, x,y G R). 

Lemma 3.3 ([12j). Let / G Wp(R, W). Then for any e > £/iere are numbers 
I > ana 1 To > such that the inequality D ( p p ](f(.), /(. + t)) < e ao/ds /or a// 
tG[0,t ]. 

From Lemma it follows that {/} G *4 (VK) for any function / G W(R, R). 
The following Theorem is proved in Section 4 and its special case for the set 
F = {/}, / G VF(R, R), is essentially used in the proof of Theorem 11.21 
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Theorem 3.1. Let F G A [w) , A > 0, b > 0, e G (0, 1] . Then there exist b- 
periodic function g(.) G C(R, R) dependent on ¥, A, b, but not on the number 
e, for which H^Hl^^r) < A? and numbers 5 = 5(e, A) > 0, / = /(e, A,F) > 
such that for all functions f G F 

sup meas {t G [£,£ + /] : \f(t)+ g(t) \ < 8} < el . 

Corollary 3.2. Le£ / G W(R, R). Then for any a G R and e > there is a set 
T G W(R) such that ModT C Mod/, /(*) < a + e for all t e T and f(t) > a 
for a.e. t G R\T. 

Proof of Theorem \1. 6 A If Mod/ = {0}, then for some constant function 
f (t) = f G U, t G R, we have D^ w (f(.), / (.)) = 0, and therefore, there is 
a set T G W(R) such that ||xr(-)lli = and P(/W,/o) < e for all £ G R\T. 
Next, suppose that Mod / 7^ {0}. Let Xj <E U, j <E N, be the points defined 
in Corollary 13.11 for the function / G W(H,U) and the number S = |. For 
all j G N we have p(f(.),xj) G W(R, R) and Mod /?(/(.), a;,) C Mod/(.). We 
choose a number b > such that ^ G Mod /. Theorem 13. II implies the existence 
of 6-periodic function gj(.) G C(R, R), j G N, such that H^Hl^r^r) < f and 
for any e' G (0, 1] there exist numbers Sj = Sj(e', e) > and lj = lj(e r , e, /) > 
for which 

sup me&s{t G + : |/?(/(£),^) - ^ + < Oj} < e'Zj . 
£eR "J 

Let IV = {£ G R : p(f(t),Xj) + #j(£) < |}, j 6 N. According to Lemma 
ETT1 we get T/ G JV(R) and ModT/ C Mod p(f(.), xf) + f Z C Mod/(.). 
If £ G Tj , then p{f{t),Xj) < e. We denote T x = T/ and 2} = T/\ \J k<j ; T£ 
for j > 2. The sets Tj, j G N, are disjoint and \Jj <N Tj = \J. <N T- for 
all N G N. It follows from Lemma O that TJ G W(R), ModT,- C Mod/. 
Furthermore, p(f(t),Xj) < e for all t G Tj , j G N, and for every TV G N and 

a.e. t G R\ Uj<iv^} we nave p(f(t)> x j) > f f° r an J = 1? • • • 5 -W- Hence (see 
Corollary 13.11 ) measR\|Jj Tj = and ||xr\U ^ as iV ^ +00, that 

is, {Tj} G 971^ (Mod/). □ 
Theorems 11.11 and 11.21 enable us to get the following characterization of func- 
tions W(H,U): a function / : R — > U belongs to W(H,U) if and only if for 
any e > there exist a sequence {Tj} G SDT^(R) and points Xj 6W, j G N, 
such that the inequality p(f(t),Xj) < e holds for all £ G Tj , j G N. 

In the following two Lemmas we consider the superposition of equi-Weyl a. p. 
functions. 

Lemma 3.4. Let (U, p) and (V, pv) be complete metric spaces, let T G C(U, V) 
and let f eW(R,U). Then JF(/(.)) G W(R, V) and Mod.F(/(.)) C Mod /(.). 
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Proof. Let e G (0, 1], 5 > 0. By Theorem 11.21 for every /c G N there are 
sequences {Tf ] } G m^ w \Modf) and points G U, j G N, such that 
p{f{t),xf ] ) < \ for all £ G T^, j G N. The inequalities 

llx m m (-)lli<2" fe e. 
R\ U zf > 

hold for some numbers j(k) G N, /c G N. For every /c G N we denote by Xk 
the set of points Xj \ j = 1, . . . , j(k), for which for any k' = 1, . . . , k — 1 there 
exists a point \ j' = 1, . . . ,j(k'), such that p{xf\x^ ') < | + p < p ; 

Xi = UjXj(i) x j ■ Since the set U/seN^fc C W is precompact and the function 
J- is continuous, it follows that there is a number ko G N such that for all jt = 
1, . . . , j(k), where k = 1, . . . , ko , the inequality py{T{f{t)) 1 J : {f{t'))) < 5 holds 
for all M' € T£> PI • ' • PI ^ 0) - If T n (1 • • ■ (1 ^ ^ 0, where j fc = 1, . . . , 
= 1, . . . , ko , we choose some numbers tj x _j kQ G f] • • ■ f] T^°\ Let 

m 

fc=l,...,/c Jfc=l 

By Lemma 12.51 and Theorem ll.l[ 

0k (-) = ^(/fe..j feo ))x 7; (i) n ... n ^o)(-)+?/oXR\T(fc )(-) G ^(R, V) , 

jk =1 ,-,j(k);k=l,...,k 

where yo G V, and 

Mod£ fco (.) C ^ Mod if } c Mod/(.) . 

Jfc=lr-jW;H,..,J;o 

Furthermore, py(J r (f(t)),Qk (t)) < S for all t G T(/co) and 

||XR\T(fc )(-)lli < 2_fce < e - 
fc=i,...,fc 

Hence D {pv ^ w ' {? '(/ '(.)) , £fc (.)) < e +^- Since tne numbers e > and <5 > can be 
chosen arbitraryly small, it follows from Corollary 12. II that jF(/(.)) G VK(R, V) 
and Mod.F(/(.)) C Mod/(.). □ 

On the set C(W, V), where (W, p) and (V, py) are metric spaces, we introduce 
the metric 

dc(u,v)(Fi ,^2) = sup mm{l, p v (J 7 1 (x),J 7 2 (x))} , T\ , J~2 G C(U,V) . 
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Lemma 3.5. Let (U,p) and (V, py) be complete metric spaces. Sup- 
pose that a function R 3 t — > ^ r (.;t) G C(U,V) belongs to the space 
Wi(R,(C(W,V),dc7(w,v))) 6 W(R,«). Then T{f{)\.) <E W{R,V) and 

Mod.F(/(.); •) c ModJF(.; •) + Mod/(.). 

Proof. Theorem 11.21 implies that for any e > there are a sequence {Tj} G 
S0t^(Mod.F(.; .)) and functions ^ G C(W, V), j G N, such that 
^C(w,V)(^ r (-;t), Fji-)) < e for all £ G 7} , j G N. By Theorem 11.11 and Lemma 

EH 

EW(W-)^(R.v), 

Mod J2 Hf(-))x Tj (.) C ModJ%; .) + Mod/(.) . 

On the other hand, 

D (^(^(/(.);.),^^(/(.)) XTj .(.))< e . 

Hence, by Corollary EH we get F(f (.);.) G W(R,V) and ModJF(/(.); .) C 
ModJT(. ; .) + Mod/(.). □ 

Remark 2. From Lemma EH Theorems II . 11 fH21 and [2~T1 we obtain also the 
following assertion. Let (U, p) and (V, py) be complete metric spaces, let r > 
and let p > 1. Suppose that a function F(-\t) G C(W, V) satisfies the 

following two conditions: 

(1) for any iGW the function R 3 £ — > ^"(.(^(or); t) G C(5 r (x),V) belongs 
to the space 

Wi(R, (C(B r (^,V),^ (flrW ,v))) 

(we denote by .F(.|y) the restriction of a function e C(U, V) to a non- 
empty set Y CU); 

(2) for a.e. t G R the inequality 

py(T{x] t), y ) < Ap(x, x Q ) + 5(f) 
holds for all x G U, where xq G W and yo G V are some fixed points, A > 0, 

5(.)gmJ(r,r). 

Then for any function / G Wp(R, W) we have F(f(.); .) G Wp(R, V) and 
Mod^(/(.); •) c Mod/(.) + Y,^T{.\ Br{x) - .) . 
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4 Proof of Theorem 13.11 

Lemma 4.1. Let F G A {w) , A > 0. Then for any e G (0, 1] £/iere ea;2s£ numbers 

5 = S(e,A) > 0, I = l(e, A,F) > and a = a(e, A,F) > swc/i that for all 
a > a and all functions f G F 

sup meas {t G [£, £ + I] : + A sin at\ < 5} < el . 

Proof. Let us choose a number TV = N(e) G N for which (N + < | 
(then N > 3). Let e' = § eN~ 1 (N + l)" 1 < ^ < 1, <5' = 2 sin ^ sin , 
(5 = 5(e, A) = min {1, | (5'A}. There are numbers / = /(e, A,F) > and 
= To(e, A, F) G (0, | e] C (0, 1) such that the inequality 

0{"(/(.),/(.+T))< £ 'i 

holds for all / G F and r G [0,To]. We define the number a = wTq . Let 
< r < r , a = ttt ^ >a. For j = 1, . . . , N (and / 6 F, ( 6 R) let us define 
the sets 



Cj(0 = £,•(/, r;fl = {* G [£,£ + /]: |/(* + ^r) - /(t)| > 5} 



We have 



measCj(0<] J min {1, \f(t + ^ r) - f(t)\} dt < e'l . 

t 

For j = 1, . . . , N (and ( 6 R) we also consider the sets 

Mi(e)=^i(r;0 = {*eK,e + Z] : |cosc^ + ^t) s in^r| < - }, 

MJK) = MJO-iO = {* G : |cos(at+^)| < iysin- 1 ^ = sin^} 

Mj(0 C MJK) and MJ(0 = + /] (1 (LUz [&~ XI), where 



Let k be the number of closed intervals [f3 s ,/3+], s G Z, intersecting with the 
closed interval [£,£ + /]. We have the estimate k < + = ^ + 2, hence 

7re ' / 2 

measM ? (0 < measA<-(£) < k — < ( - + - r ) e' < It' . 

J 3a v 3 3 ' 
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In what follows, we suppose that the sets contain (in addition) the num- 

bers t G [£,£ + /] for which at the least one of the functions f(t), f(t + j^r) is 
not defined (these numbers form the set of measure zero). Let 



N , N-j . 

£(0=£(/,r;0 = |j( U(^)"^ r ) 

j=l ^ s=0 ' 

(here — = = — -^r : 77 G £j (£)})■ Since meas£j(<$;) < e7, 

j = 1, . . . , N, we get meas£(0 < \ N(N + l)e'l = § eZ. If t e [£,£ + 1 - r]\£(0, 
then the numbers £ + r, j = 0, 1, . . . , N, belong to the closed interval [£, £ + 1] 
and 

|/(t + |r)-/(t + |r)|<« 
forallj 1 ,j 2 6{0,l,...,iV}. Let 

N ,N-j , 

7W(0 = M(r;« = |J |J(X 3 K)-^r) ; 

j = l ^ S=0 ' 

measM(0 < ^N(N+l)e'l = \el. lit G + l -t\\M(£), then the numbers 
t + t, j = 0, 1, . . . , N, also belong to the closed interval [£, £ + /] and for all 
ji , j 2 e {0, 1, . . . , N}, ji < j 2 , we have 

| A sina(£ + r) — A sina(£ + ^ r)| = 

= 2A|cosa(t + ^r + ^pr) sina^^r| > A5'>35. 
Let = f(t) + A sin at, I gR. We define (for (gR) the set 

O(0 = <D(f, r; = [£, £ + / - r]\(£(0 |J MO) • 

For each £ G G{£) either + £t)| > 5 for all j = 0,1,..., N or there 
exists a number jo £ {0, 1, ... , N} such that \G(t + ^ r)| < Consider the 
minimal number jo for which the last inequality holds. If jo < N, then for any 
j G {j + 1, . • • ,N} we have 

\G(t + ^r)-G(t + ^r)\> 

> |Asin a(*+^r)-Asin a (t^r)\-\f(t+^r)- f(t+^r)\ > 35-5 = 25, 

and therefore, \G(t + j^r)] > 5. We have got that in the case t G 0(£) there is 
at most one number t + r, j = 0, 1, . . . , N, such that \G(t + r)| < Let 
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denote by x(t)i t EH, the characteristic function of the set {t G + / — t] : 
\G(t)\<5}; 

N 

Then x(t) < 1 for all t G C?(£), and hence 

y xw^= y y *w^< 

< meas 0(0 + (iV + 1) meas ) (J M{£)) < (l + - (iV + l)e)Z . 
On the other hand, 

y xw^=(^+i) y xw^-x; y %w^> 

> (TV + 1) meas {t G + / -r] : < (5} - \ (N + l)r > 

> (N + 1) meas {t G [£, <$; + I] : \G(t)\ < 6} - | (AT + l)r . 

Hence 

meas{t G + : < (5} < 

(for all (GR). □ 

The following Lemma is an immediate consequence of Lemma 14. 1L 

Lemma 4.2. Let F G A {w) , A > 0. TTien /or any e G (0, 1] i/iere ezisi numbers 
5 = 5(e, A) > 0, / = /(e, A, F) > and a = a(e, A, F) > swc/i £/m£ /or eac/i 
function g G L 0O (R, R) satisfying the condition H^Hl^^r) < (5, and for all 
a > a and all functions f G F 

sup meas {t G [£, £ + I] : \f(t) + A sin at + | < 5} < el . 
£eR 

Proof of Theorem^ Let A = f , /o(.) = /(.) (for all functions / G F). 
By Lemma [Ql there are numbers 5q = Sq(A) > 0, Iq = /o(A,F) > and ao = 
ao(b, A,F) G such that for all functions f\{t) = fo(t) + Aosinao^, t G R, 



16 



and all functions g\ G L oc (R, R) that satisfy the condition HgiHz^Rjt) < > 
the inequality 

sup meas{£ G + l ] : + gi(t)\ < 5 } < 2'% (3) 
£eR 

holds, furthermore {/i(.) : / G F} G A^ w >. We shall successively for j = 
1,2,... find numbers Aj = A 3 (A) > 0, Sj = 5 3 (A) > 0, l 3 = lj{A,¥) > 0, 
a>j = dj (6,A,F) G and functions f j+1 G W(R,R) dependent on fj, Aj 
and ttj , for which : / G F} G ^4^. If the numbers A/- , 5k , h , ®k and 

the functions fk+i have been found for all k = 0, . . . , j— 1, where j G N, then we 
choose the number Aj = Aj(A) > such that the inequalities Aj < 2 _ ^ +1 ^A, 
Aj < 2- J 5 Q , Aj < 2-^Si , . . . , Aj < 2~ 1 5 J - 1 hold. Further (according to 
Lemma I4~2l ). choose numbers £j = Sj(A) > 0, /-,■ = lj(A,¥) > and aj = 
<x/(6, A, F) G ^ N such that for all functions fj+i(t) = /j(£) + Aj sin aj£, t GR, 
and all functions #j + i G L 0O (R, R) satisfying the condition llgj+illz^^R) < <5j , 
the inequality 

sup meas{* G %Z + l 3 ] : \f j+1 (t)+g j+1 (t)\ < Sj} < 2~ j -% (4) 
CeR 

holds. We also have {/j+i(.) :/gF}g *4 (V{/) . Next, let us set 

+oo 

g(t) = Aj sin ajt , t GR. 

Since A = f and Aj < 2^ +1 ) A for all j G N, it follows that the function g{.) 
is continuous and 6-periodic, moreover, 

IIpIUooCr.r) < < A - 

i=o 

We define the functions 

9j(t) = ^2 A k sin a k t , fGRj'GN. 

fc =J 

For all £ G R we have 

l&WI <X1 A ^ (2 + 4 + ---)^-i = ^-i' 

k=j 

hence, it follows from (3) and (4) that for all numbers j = 0, 1, . . . (and all 
functions / G F) the inequality 

sup meas {t G [£, £ + lj] : \f(t) + g(t)\ < 5,} < 2^-% . 
£eR 

holds. The proof of Theorem 13. II is complete. 
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5 Proof of Theorem 11.31 



Theorem 5.1. Let (U, p) be a complete metric space, let F E W(R, clU) and let 
g E W(R, U). Then for any e > there exists a function f G W(TL,U) such that 
Mod / C ModF + Modg , f(t) G F(t) a.e. and p(f(t),g{t)) < p{g{t), F{t)) + e 
a.e. 

Proof. Let number e G (0, 1] be fixed. We choose numbers j n > 0, n G N, such 
that 

5^(7n + 7n+l) < g 
n=l 

(then 71 < |). From Theorem II .'2\ Lemma [2.51 and Corollary 12.31 it follows 

(n) 

that for each n G N there exist sets F- G clU, points g™ G U and disjoint 
measurable (in the Lebesgue sense) sets C R, j G N, such that {T^- } jG n G 
QJl^) (Mod F + Mods), the functions F(t) and g(t) are defined for all t G 
Uj7j n) 5 and for all t G r] n) , j G N, we have dist p /(F(t), F^) < ln e < 1 and 
P(9(t),9j) < Int- Let 

n j 

measR\T = 0. By Corollary 12. 3L for every n G N 

!' IT O' 1 N 6 ™ <H,) (Mod F + Mods). 

With each number n G N and each collection {ji , . . . , j n } of indices j s G N, 
s = 1, . . . , n, if fl • • • D r£ n) ^ 0, we associate some point f n ... ]n G F^ } C W. 
These points are determined successively for n = 1,2,.... For n = 1 we choose 
points fj 1 G F- 1 ^ such that the inequalities 



e , 1 „(i), 



(n—l) 

hold. If points fj 1 ...j n _ 1 G F^ have been found for some n > 2, then we 
choose points fj 1 ...j n _ 1 j n G such that 

■Jn—ljn ) ~ P {fjl-.-jn-l 5 /j'l- ■Jn—ljn/ — (5) 

< 2di S t p .(^- 1) ,^' ) ) < 2( 7 „-i + 7 n )f <l<\- 
Let us define functions 

f(n;t)= U, 

n ... nr («)M , t E T , n E N. 

Jl !•••! 
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According to Theorem II .11 we have f(n;.) G W(R,U) and Mod/(n;.) C 
ModF + Mod g . It follows from (5) that the inequality 

p(f(n - 1; t), f(n; «)) < 2 ( 7n _! + 7n )e (6) 

holds for alH G T and n > 2. Since the metric space W is complete, we obtain 
from (6) that the sequence of functions /(n; .), n G N, converges as n — > +oo 
uniformly on the set T C R (therefore, in the metric D^ ,w as well) to a 
function /(.) G W(R,W) for which Mod / C En Mod /0; •) c Mod F + Mod <? . 
We have f(n;t) G and dist pl (F{t) : F^) < 7n e < ± for all t G T^n^. 
Since 7n — > as n — > +oo, it follows from this that /(£) G F(t) for all t 6 T 
(for a.e. t G R). With each number t G T we associate an infinite collection 
of indices {ji , . . . , j n , . . . } in such a way that t G n G N. Then (for all 
t G T) 

+oo 

n=l 

+oo 

< 2 £( 7n + 7n+1 )e + € - + pfei , F^) < 

n=l 

< j + 7l e + 7i e + p(0(t), F(t)) < e + p(g(t), F(t)) . 

□ 

Remark 3. If conditions of Theorem 15.11 are fulfilled and, moreover, F G 
W p (R,cl 6 W) C W(R,c\U), p>l, then it follows from Theorem O that / G 
Wp(R, IX). Indeed, for a.e. t G R we have 

p(x ,f(t))< sup p(x ,x) = dist({x },F(t)), 

a:e.F(t) 

furthermore, dist ({x }, F(.)) G Mj(R,R). Hence /(.) G 

Mj(R, W) H W(R, U) = W P (R, U). 

Corollary 5.1. Let (U,p) be a complete separable metric space and let F G 
W(R, c\U). Then there exist functions fj G W(R,U), j G N ; such that 
Mod fj C ModF and F{t) = Uj/jW / or «- e - t € R (if F € W p {R,cl b U) C 
VF(R, clW), _p > 1, £/ien all functions fj belong to the space W P (R,U) (see 
Remark 3)). 
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Proof. Let us choose points x k G U, k G N, which form a countable dense set of 
the metric space U. By Theorem 15.11 for all k, n G N there are functions fk j7l £ 
W{R,U) such that Mod/ M C ModF, f Kn {t) G F(t) a.e. and p(f k , n {t),x k ) < 
2 _n + p{xk , F(£)) a.e. It remains to renumber the functions fk,n{-) by a single 
index j G N. □ 

Proof of Theorem [Qj It can be assumed without loss of generality that 
77(f) -> as t -> +0. Since F G VF(R,clW) and # G W(R,W), it follows that 
p(g{.),F(.)) G W(R,R) and Mod /?(#(.), F(.)) C Mod F + Mod g. According 
to Corollary 13 .21 for each j G N we choose sets 7) G W(R) such that Mod 7) C 
Mod p(g(.),F(.)) C ModF + Modg , p(g(t),F(t)) < 2~* for all t G 7), and 
p(g(t), F(t)) > 2~ J ~ 1 for a.e. t G R\7) . Further (after deletion of some subsets 
of measure zero from the sets I}, j G N), we can assume that 7}+i C 7}. 
Let T = R. We have 7}_i\7} G W(R) and ModT^-iY?) C ModF + Mod p , 
j G N (see Lemma l2"3I ). For each j G N, according to Theorem 15.11 we choose 
functions ft G W{R,U) for which Mod ft C ModF + Mod # , G F(£) a.e. 
and p(fj(t), g{t)) < p(g(t), F(t)) +rj(2~ : >~ 1 ) a.e. We define the functions 

+00 

/(•) = S foOxT^Tji-) + p(-)xn^O) , 
i=i 

n 

/(n; •) = £ /iCOxr^CO + fn + i(.)XT n (-) , n E N . 

By Theorem EH /(n; .) G W(R, W) and Mod /(n; .) C Mod F + Mod . Since 
ft{t) G F(t) a.e. and g(t) G F(£) for all t G f|j T j , it follows that /(n; £) G F(£) 
and /(£) G F(t) a.e. as well. For each n G N we have 

p(f(t),f(n;t)) = Q 

for a.e. t G R\T n+ i , 

p(f(t)J(n;t)) = p(f m+1 (t)J n+1 (t)) < p(fm+i(t),g(t)) + p(f n+ i(t),g(t)) < 

< 2 p(g(t), F(t)) + r/(2- m - 2 ) + r/(2^- 2 ) < 2"" + 2 r/^" 2 ) 
for a.e. t G T m \T m+ i , m > n + 1, and 

p(/(*),/(n;t)) = pte(t),/ n+ iW) < r/(2- re - 2 ) 

for a.e. t E P| • Tj . Therefore 

ess sup p(f(t), f(n;t)) -> 
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as n -> +00, hence / G W(R,W) and Mod/ C X) n Mod/(rc; •) c ModF + 
Mod g . For a.e. t G Tj-i\Tj , j 6 N, the estimate 

p(f(t),g(t)) = p(fj(t),g(t)) < p(g(t), F(t)) + r / (2^- 1 ) < 

<p(p(t),F(t)) + f7(/?fo(t),F(t))) 

holds. From this (since /(£) = G F{t) for £ G P| • Tj) we obtain that for a.e. 
t G R 

p(f(t),g(t)) < p(g(t), F(t)) + 7/(p(p(t), F(t))) . 

If F G W P (R, d b U),p>l, then also / G Wp(R, W) (see Remark 3). □ 
The following Theorems can be proved (using Theorems 11.11 and II . 21 Lemma 

12.51 and Corollaries 12.21 12.31 and 13.21 ) by analogy with appropriate assertions on 

Stepanov a. p. functions and multivalued maps [HUH]. 

For non-empty set F C U we use the notation F e = {x G U : p(x, F) < e}, 

e > 0. 

The points Xj G U, j = 1, . . . , n, are said to form e-net for (non-empty) set 
FcU, e>0, ifFc (Ui^) £ - 

Theorem 5.2. Let (U,p) be a complete metric space, let F G W(R, cl^U) and 
let e > 0, n G N. Suppose that for a.e. t G R £aere are points Xj(t) G F(t) ; 
j = 1, . . . , n, which form e-net for the set F(t). Then for any e' > e there exist 
functions ft G W(R,U), j = 1, . . . ,n, such that Mod ft C ModF, ft(t) G F(t) 
a.e. and for a.e. t G R ^/ie points fj(t), j = 1, . . . ,n ; form e '-net for the set 
F(t). 

Corollary 5.2. Let (U,p) be a compact metric space. Then a multivalued map 
R 3 t -> F(f) G clW = cl fe W ketones to the space W(R,c\U) = Wi(R,cl 6 W) 
z/ and onfa/ z/ /or eaca e > £aere ea;zs/: a number n G N and functions fj G 
VK(R,W) = Wi(R, W), j = l,...,n ; such that fj(t) G a.e. and points 

fj{t), j = 1, . . . ,n, for a.e. t G R /orm e-ne£ /or iae se£ F(£) (furthermore, the 
functions fj for the multivalued map F G W(R, c\U) can be chosen in such a 
way that Mod ft C ModF). 

Theorem 5.3. Let (U,p) be a compact metric space. Then a multivalued map 
R 3 t — ► F(t) G clU belongs to the space W(R, clU) if and only if there exist 
functions fj G W(H,U), j G N, such that F(t) = \Jjf(i) a.e. and the set 
{fj{.) '■ j G N} is precompact in the metric space L^R, U) (furthermore, the 
functions fj for the multivalued map F G W(R, c\U) can be chosen in such a 
way that Mod fj C ModFj. 

Theorem 5.4. Let (U,p) be a complete metric space, let F G W(R, clbU), 
e > 0, 5 > 0, n G N, and let gj G W(H,U), j = 1, . . . , n. Suppose that for 
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a.e. t G R the set of points Xj{t) = gj{t), for which gj{t) G (F(t)) 6 , can be 
supplemented (if it consists of less than n points) to n points Xj(t) G (F(t)) s , 
j = 1, . . . , n, which form e-net for the set F{t) (coincident points with different 
indices are considered here as different points). Then for any e' > e + 5 there 
exist functions fj G W(~R,U), j = l,...,n, such that Mod fj C ModF + 
£Li Mod <^ fj{t) G F{t) a.e., fj(t) = 9j (t) for a.e. t G {r G R : g 3 {r) G 
F(t)} and the points fj(t), j = 1, . . . , n, for a.e. t G R form e '-net for the set 
F(t). 
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